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LecturIn Into to BRP

Complexity theory is about finding the

mathematical limits of efficient computation

Computers are physical objects and

efficiency is a physical notion time
space etc

So to understand complexity need to use

the right model of physics quantum
mechanics

Mission 1 of quantum complexity theory

Unterstand the power limitations

of quantum computers



Not only are computers physical many

computational problems arise from

physics as well

Even natural processes
can be thought

of as computations

Mission 2 of quantum complexity theory

Use computation
as a lens to

understand nature

The basic method of complexity theory is to

classify problems into conlexity classes

typically defined by the computational

resources needed to solve them



Recall P languages solvable by polytime

decision problems
classical algos

BPP
randomized classical algos

bounded error

if EL Pr MED YES 22
33separated

X L Pr MCD No a

constant

The star of quantum complexity

theory is

BIP
languages

solvable by a

poly time b e quanta alg



what does this mean

Classically poly time
defined using

Turing machines

Quantumls easier to use circuit

FB

jet output

D D
1
in T

pidyla ancillas

polycus elementary gates



No need to allow for intermediate measurement

just simulate coherently w ancilla

Can pick any
reasonable universal set

of alimentary gats

SK says you only pay
a polylog n

cost to switch

Need some notion of uniformity can't have

a totally differet circuit for each n

classical TM M that runs in pols time

and on input In spits out
a description of the circuit for inputs
of length n



Easy to see

P BPP BAP

simulate random coins using

by definition
Hadamords

Also easy to see BDP is closed

under complement switching YES No

The thresholds 43 are arbitra

and can be amplified
Just run the circuit many times and

check that the fraction of allept is above

a threshold

if Xi X.pe one indep r V

Hoeffling in 0,13
k

P.LI Yi E Yil t 2e E



So we can get
1 explk w k

VS
repetitions

expc k

One nice
property of P BPP is that

they respect subroutines a P machine

given access to an oracle deciding another

P language is equiv to a P machine without

the oracle

The same is true for BAP but proving

it requires
some care

How does a q circuit access an oracle

for L

UL x b

b it EL

Ix b 1 if XE L

i



I
unitary

Suppose is decided by a BDP madlin

The circuit gives some units U

but it is not this one

41 310
103 9 Blisle

1β1
if XEL

3 if X L

can amplify to be

exp
close to 1

The real issue is the junk 1g y



Solution uncompute

f

piti.ME
E

1b G

This implements U as desired

except that we need ancilla and

there's some tiny error from aplifat

We have show that

BAP

Bap BIP



What about classical upper
bounds

on BIP

Bap BPP We hope not

Probably not stayBap NP
tuned for evidence

BAP EXP

Prove this w brute force simulation

can ialculate
1 101 CL x los

in exp time

exp big
matrices

and vectors



BAP PSPACE

To show this we need a new
perspective

the path integral

Easiest to fix H CCZ as our

universal set

7 12 17
destructive

interferen

Y
0 I

1



In general the state of the machine

after a circuit with k Hadonal

gales is 9 13

14 E us
paths p n

uelo s end
p w

can compute

in poly time

ΣginplsigulpPratt.IE

UE 040,13
P p
evilpliculp
U



This is a big sum so it can

be computed in PSPACE

BAP PP

PP is lin BPP without bounded enor

if xeL Pracipt 42
p

L Pr accept

To show this we Use the path integral

enelp

Pr accept signcp signcp i

2k PIP

Pr reject end
p cralp output

bit



PP machine needs to guess
heth

β is or

Idea just sample a random term in

the sum

PP

famplp.pl uniformly at random

If end
p

end pl

compute s sign p signlp
i

if 5 1 output YES
else output NO

Else
output YES or No uniform's

at random



Pr accept Pr endlpdfentlp.tl O

Project
Pr end p end pi prop to

Essentially this same calculation gives

the tightest known classical
upper

bound on BAP

BAP AWPP

ugly clef look it up
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Lecture 2 BAP and NP and the

BBBV lower band
forunstructuretsearch

Understantig the relationship between BDP NP

is of great importance

If BAP NP then every quantum

imputation has an efficiently checkable

certifilate

If NP BAP then all NP complete

problems e.g 3SAT 3 coloning TSP can be

solved
by quantum computers

We currently believe that mither is they



NP BP

Today we'll focus on evidence that NP BRP

What we will show is an oracle separation

oracle 0 sit

NPᵗ Bapo
or unpacking this there is some language

L s.t L e NPO but BAP

related to 0 provably

We can hope to prove this because deciding

L requires some information about entries of 0

So we will reduce the problem to the

attn of query
complexity



An oracle separation does not imply

that the classes are separated in

reality

oracles s.t.PfNPOandalsooraless.t
pot Npo

What it means is that any proof that

settles pus NP or BRP vs NP must be

non relativizing it must use techniques that

break down in the presence of oracles

iiiii

decides some language in unit cost

Given input n e 10,13
0 tells you

YES or NO



Ierspct.ie The truth table of

O is a computational input that

can only be accessed by querying

on inputs n E 10,13

index into truth
table

This motivates the model of ques complexity

A QueryP machine given
access to some

input XE 40,134 should decide if XES.ES

N 2 ESTE
only count queries

using poly n queries to not routine

A Query BAP machine is the same but

gets to make quantum queries

apply
Ux Ux

us b 17box



A Query NP machine also gets a

witness we o
pols n

If xe 5 w sit

Mcu outputs YES

If xe Spo w Nw outputs

NO

It turns out that to find an

oracle separation between BRP NP

it will be enough to final a

quers promise problem specified

by sets SyÉ S for
NO

each n sit a QueryNP machine can

solve it but a Query BAP machine cannot



Aside a promise problem is a decision

problem where the input is promised

to come from some set E.g here

we only care about e SYÉsuSnÉ
not arbitras

90,132

This grey separation
can be lifted by

very standard diagonalization arguments

to an oracle separation NPO BAP

so we'll focus on the quay setting



A didatepw.bm.Unstrctudsear.hr

NP is all about finding a needle in

a haystack Think about SAT want

to find an input that
makes the formula

evaluate to 1 not 0

Inspired by this define the follows

problem

SyÉg
all 401132

except 02 3

Spot 02

Basically want to decide if aegis

sit Xu
I

analogous to evaluati a
SAT formula

Iatu



NPcontainment

Kind of obvious a good witness

is some w sit Xu I

Pq.ttmF yrPmachinM
If M solves Unstctual search then

M must reject
02

Let us Ma I T

total of queries

be the position that M queries on



input 62 Since T is pols n it

must be less than 2ⁿ so there is

some loration at that has not

been
queried

000 0 0 0 00 0

I 9 t

I 3 u 2 It

000 0 1 0 00 0

flip the value at
u

Now e Syes but M must still

output No on
belause X look



identical to M

Therefore M get wrong Bag

In fact this argument applies to any

deterministic machine that makes fever than

2 queries Can even extend to

randomized machines see PSEI

T.TL aPansan
to work

PII quantum algs query in

superposition
Even I qug lay

see the entire input



Ux I

Σ 14310
F

as
ne 0,13

We know this state can sometimes reveal

a lot of information about E.g the

Bernstein Vazirani alg uses this to

leave an entire linear function in one

queus

ProblemI specifically for unstructured

search Grover
showel we can do

way better than 2n queries

The of querine
needed is

OCT



It turns out we can get around these problems

and show that Grover's alg is essentially

optimal by some more careful acouting

This is the

B B B gya shower'sthaly

ennay skin serif Zivoni

14,5
mi

fireff

IE fin

171717

1

A general circuit making T queries

Ida for different x x trash how

far
apart 14 and 14 are



If XE Spo x Syes need

to

1

4 144s identical

ET nearb orthogonal

14

If a quantum alg Ian pull apart
the two states by only a little bit in

Endishan distance with each
quers then

T must be large for any successful

quantum alg



light change to the oracle

instead of

Ux us b
us btxu work with

Ux u b 1
b
us b

This is totally equivalent

EEE IE I
Let 14 Hub us b 4,3

oracle acts
here only

We want to compute

ñx14 4 1431
2



Eu sh
É 45 bbsle.nl

E12Qu 1lus11 14u d
z'U

xutx'n

TEETH

So to pull the
states apart the alg

must have high superposition weight

on positions where x x differ

We can now show our lower bound

by a hybrid argument induction



Δ

1114 - 14 11 HEHE E I 14 X

11414 ix It Ella

- 1414 - 4 lt lY ix lYIll

HER tt PIE

IF 14 D 14 11

t 1



Claim Let x 0 let me be the

uniform distribution over weight 1 strings in

40,13N Then

E 1 In t

m

PE let
14

an b lust tab

By our calculation above

E n E Qual
rm UEEN

index where

4 I



2 Σ
EEN

44,1

T
2

w̅ 50s
Tt

p

iil.ee

Cauchy Schwarz

2

2
I Ella Assates a

normalization of state

1 Tv In



Now putting it all together we have

89
1

E n OF
rm

I EDI
rm

In I 5 2

In E 0

to

Any quantum alg that solves

unstructured search w
bounded error needs

T DCT queries Do
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IEiii
ii

most problems Sometimes alternate perspectives get us

muit farther by exploiting symmetry in the problem

A very powerful one is the polynomial method

which views an algorithm as a low degree

polynomial

D
Lemmas After t steps

the state 4 Σ Qi is
Iegree t pols in

E By induction
the bit

Xp of
Ba

bviousf

the oracle
1

0 4 OΣ
46,2

5,2
i b z

z
1 Qi b z i b z



Σ
i b z

1 2 bx Yi b z Ii b z

Ynet
desree.tk

polsnoni l
De

Cox Pr acceptance degree 2T poly in
of T quers alg XN

The 2 comes from squaring

So if you can show that no low degree poly

matches the promise proten you want to
decide you show that there's no q alg

But it's very hard to reason about multivariate

polynomials with lots of variables So often

one uses symmetry of some kind to reduce the

number of variables



The unstructured search problem

Iaicosiderdistribution inputs that
are symmetil under permuting entries of

up
uniform dist over NS.t.lx

rHatmiweight

Claims If p x xn is degree of multivariate

qld E pct Xn
is degreed pols in

Mr r

PE E Pr all 3 of 1 3

X p mm 77 one equal to

I



25
48
r

Easily generalizes to monomials of any degree

Now if we have an alg that solus

unstructurl search in T queries a degre 2T

polnoria of that looks lin this

i

f
Ii

I musthave a large derivative here

i iie.rs N r

Note no constraint on of outside of integer
points need not even be positive

It turns out no low degree poly can look

like this



Markov's other inequality

max 1 91 at
1 past

EXEI

degree p

This immediately gives us a unful bound if

of stays bounded at non integer points

If of gets
large at non integer points then

you get a large derivative in between integer

points and
you can still apply this

Upshot Need deg q RCT

Getting the right symmetrization is a bit of an art


